Abstract. We use bi-oriented incidence relations in order to construct a Kempf-Laksov type resolution for any Schubert variety of the complete flag manifold but also an embedded resolution for any Schubert variety in the Grassmannian. These constructions are alternatives to the celebrated Bott-Samelson resolutions. The second process led to the introduction of singular flag varieties, algebro-geometric objects that interpolate between the standard flag manifolds and products of Grassmannians, but which are singular in general. The surprising simple desingularization of a particular singular flag variety produces an embedded resolution of the Schubert variety within the Grassmannian.
Introduction
The Kempf-Laksov resolutions of the Schubert varieties in the Grassmannian are well-known since the 70's and were used to prove the celebrated determinantal formula [9] . These objects are very easy to descibe via linear incidence relations and quite practical for many purposes. We call the relations linear because they involve a total order relation. One of the purposes we pursue in this article is to produce a similar desingularization but for the (generalized) Schubert varieties in the flag manifold associated to the elements of the Weyl group of GL n (C). In other words, we aim for a resolution that does not use the Borel orbits and the fiber products of parabolic groups as in the Bott-Samelson construction [2, 3, 6] . It turns out that can be done quite simply and naturally, but there is a price to pay. The resolutions are subspaces of a matrix-product of Grassmannian spaces. The elements of these subspaces satisfy incidence relations both in the vertical and the horizontal directions with respect to the matrix display of the product of Grassmannians. We call such objects bioriented flags.
The other point of interest in this article is to look for an embedded resolution of a Schubert variety within the Grassmannian. There are certain common points with the previous case. Again, the Bott-Samelson resolution can be used to produce such a resolution by taking the Grassmanian to be Schubert variety itself inside the flag manifold G/B together with the projection G/B → G/P . We propose an alternative, direct construction in the same spirit to what was done before. We use again a bioriented flag, but the incidence relations have something new to them. Rather than just inclusions of the smaller dimensional spaces into the bigger ones, one has to deal now with the inclusions of the smaller dimensional spaces into the sum of the bigger dimensional spaces and a fixed space. This is in general a source of singularities. We distill a definition for such objects, henceforth called "flag varieties" as opposed to the better known flag manifolds.
Let us describe in a few words the construction of the embedded resolution. It starts with the well-known observation that the regular part of a Schubert variety can be seen as the stable manifold associated to a critical manifold for a certain gradient flow of a Morse-Bott function on the Grassmannian [13, 7] . As such, it has a companion Schubert variety which plays the role of the (closure of) the unstable manifold for the same flow. The regular part of this companion fibers over a product of projective spaces which is the critical locus alluded to before. This is all valid in the C ∞ category. In order to get the holomorphic resolution, the following process is used. A fiber of the companion Schubert variety which is really biholomorphic to a copy of C N plays the role of the "normal directions" in which we seek to deform the original Schubert variety in such a way as to "sweep" the Grassmannian with such objects. In fact, there is a certain quite natural embedding of this fiber into a manifold-space of flags, all of which have the same type as the one defining the original Schubert variety. If one takes the Schubert varieties corresponding to all such flags we can make sure that we cover an open dense set of the Grassmannian.
One then needs to compactify the embedding of the (non-compact) fiber in the mentioned space of flags. The compactification is in general a flag variety, definition to be given momentarily. These objects do not seem to have simple desingularizations in general. But, quite surprisingly, the (very) particular type of incidence relations describing the compactification of the fiber lead to the construction of a simple resolution in which double incidence relations are present. In other words, bioriented flags show up again. To finish up, each point in the resolution of the compactification of the fiber determines a flag. This flag can be used to construct a Kempf-Laksov resolution for the corresponding Schubert variety since one has a natural projection to the original Grassmannian. Doing this for all points we actually get a birational map to the Grassmannian, whose restriction to a certain submanifold gives a resolution of the Schubert variety we started with.
We give now the working definitions in the analytic category.
Definition 1.1. Let X be a complex space. Then a (direct) resolution/desingularization of X is a non-singular complex spaceX together with a proper, analytic, birational map π :X → X. Let X be a proper analytic subvariety of a regular complex space Y . Then an embedded resolution of X is a pair (Ỹ ,X) of regular spaces withX a subspace ofỸ together with a proper, analytic map π :Ỹ → Y such that (a) π is birational; (b) π X :X → X is birational (c) there exists a proper analytic subvariety X ⊂ X such that π −1 (X \ X ) ⊂X. Let E be a complex vector space of dimension n, let Fl 1,...,n (E) be the complete flag manifold of subspaces of E. For every fixed F * and every w ∈ S n , the symmetric group on n-elements one has a Schubert cell S w (F ) defined via (see [5] page 157)
The function
determines the Bruhat order on S n (see [5] , page 173). To it we associate the product space
where if D w i,j = 0 or n we get point spaces. Define the following bioriented flag:
The incidence relations make sense as the Bruhat order matrix (1.1) is increasing along every line and along every column.
is a manifold of dimension n(n − 1)/2 and the projection
is a resolution of S w (F ).
We turn our attention to the Grassmannian Gr k (E) and fix a strictly increasing sequence
We reserve the notation V β for the subset where the dimensional condition is replaced by an equality. Choose a complementary flag G β such that
with corresponding V * β . Theorem 1.4. The sets V β and V * β are both diffeomorphic to vector bundles over P, namely to
where τ i → P represent the pull-backs of the tautological bundles over P(F We fix a fiber H * 0 of H * → P, to wit
is the space of flags of subspaces having dimensions β 1 , β 2 , . . . , β k then there exists a natural embedding
We are looking for a compactification of this embedding. The object that we get has the following structure.
Definition 1.5. Let W 2 , . . . W k be vector subspaces of E and let 1 ≤ a 1 < a 2 < ... < a k ≤ n be natural naumbers. Then a subset S of k i=1 Gr a i (E) described by the following type of incidence relations:
is called a simple flag variety. Moreover if each i , 1 ≤ i ≤ k is constrained to lie in a certain vector subspace V i ⊂ E such that a i ≤ dim V i one talks about a constrained flag variety. Example 1.6. Notice that for W i ≡ 0, ∀i one recovers the definition of a flag manifold while for W i ≡ E, ∀i one gets the product of Grassmannians. The Kempf-Laksov resolution of a Schubert variety is a constrained flag variety.
It turns out that in our case, H * 0 compactifies to the following constrained flag variety
where
We do not have a simple recipe to desingularize a general flag variety. However, in the case at hand, we got lucky. Let
where, for j ≤ i define
Use the notation * * := (
is a complex manifold and the projection π : G → G:
The resolution G comes with a well-defined map that extends (1.3)
In order to obtain the embedded resolution of V β inside Gr k (E) we recall that Fl β 1 ,...,β k (E) is the base space of a fiber bundle F(E) which is a subbundle of the trivial bundle Fl 1,...,k (E) × Fl β 1 ,...,β k (E) and whose fiber over F β is the well-known Kempf-Laksov resolution of V β (F ), namely:
Theorem 1.8. The fiber product Ψ * F(E) of Ψ with the projection F(E) → Fl β 1 ,...,β k (E) together with the natural map:
The results of this note aimed at presenting alternative ways of constructing desingularizations for some thoroughly studied objects like the Schubert varieties. The unifying thread and the main novelty was the use of incidence relations in two directions, or bioriented flag manifolds. While the Bott-Samelson construction [2, 3, 6] or the algorithm in characteristic 0 of building resolutions via successive blow-ups as developed by Hironaka [8] and later simplified by Bierstone-Milman [1] , Villamayor [11] , Wlodarczyk [12] and others achieve the same purpose, the constructions we produce here are quite elementary. In the C ∞ setting one should also consult the results of Duan [4] and Harvey and Lawson [7] .
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The resolution of the flag Schubert varieties
We fix a complete flag F * ∈ Fl 1,2,...n (E) and a complementary decreasing flag G * such that
The Schubert cell in Fl 1,2,...n (E) associated to w ∈ S n (and F * ) is (2.1)
Another way to put it is that if * ∈ S w , then for all all i, w(i) is the unique place of jump (discontinuity) for the non-decreasing function
where by definition 0 = F 0 = {0}. The Schubert variety is the closure of the Schubert cell S w and is described by inequalities ≥ in place of = in (2.1).
Notice that the flag F w * ∈ S w where F
The Bruhat (order) matrix associated to S w is the n × n matrix of integers D w with D w pq = dim p ∩ F q The Bruhat matrix has the property that it is slowly increasing along every line and every column, i.e. a i,j+1 − a i,j ∈ {0, 1} a i+1,j − a i,j and that a in = i = a ni . In fact, the difference between two consecutive lines is represented by the values of the function (2.2) for k > 0. Remark 2.4. There is a lot of redundancy in the definition of the bioriented flag, in the sense that if * , * ∈ Fl w then some of its coordinates in a line, or in a column might be equal. One can safely remove this redundancy by elimintating already from the product space P w the copies of the same Grassmanian which appear either along a line or along a column and keeping just the first copy, where by first we mean the first from left to right or from up down. The reason why we do not do this is because of the complicated notation this would involve.
Proposition 2.5. The bioriented flag Fl
w is a compact, smooth complex manifold.
Proof. The proof more generally applies to any bioriented flag which is a subspace of an n × m product space of Grassmannians with left to right and up down incidence relations. The proof goes by induction on the number of lines using the restriction of the projection to the (product of spaces of the) first n − 1 lines. The image will be a bioriented flag inside a subspace of a product of (n − 1) × m spaces. The fiber of this projection will be biholomorphic to a flag, or product of flags. Hence one gets that Fl w is a tower of fiber bundles.
We fix now the coordinates on the last line. Takê
The spaceŜ w is a smooth manifold of dimension (w), the length of w, i.e. the number of inversions of w.
Proof. It is convenient to think alternativelyŜ w as a subspace of an (n + 1) × (n + 1) product of spaces rather than just of P by introducing a line and a column of point spaces and hence introducing the coordinates 0,i = pt and i,0 = pt, for all i ∈ {0, . . . n}.
Let * , * ∈Ŝ w and look at n−1, * . This is an element of a product
where a i ∈ {0, 1, . . . n − 1} is an increasing sequence of numbers such that a i − a i−1 ∈ {0, 1} with a 0 := 0. In fact, there exists exactly one i such that
and this is due to the fact that the function in (2.2) has exactly one jump point. We can be more precise, the equality a i = a i−1 happens for i = w(n). Now, because of the vertical ⊂ relations and because the last line of * , * ∈Ŝ w is fixed and equal to F * we get that n−1,j are also fixed for j ≤ w(n) − 1 and n−1,j = F j .
Because of the horizontal ⊂ relations and because Gr w(n)−1 = Gr w(n) , we get that in fact n−1,w(n) is also fixed by F * . The only freedom appears in the choice of the coordinates n−1,j for j ≥ w(n) + 1. But, in this case n−1,j ⊃ n−1,w(n) and we can factor out the fixed n−1,w(n) = n,w(n)−1 from all n−1,j and from all n,j for j ≥ w(n) + 1. Then
is a flag of subspaces of dimensions 1, 2, . . . n − w(n) each
sitting inside
. The latter space has dimension i + 1, with i = 1, . . . n − w(n). In other words we are dealing with the Kempf-Laksov resolution of the Grassmannian Schubert variety corresponding to the Schubert cell parametrized by the strictly increasing sequence of natural numbers β 1 = 2, β 2 = 3, . . . β n−w(n) = n − w(n) + 1 inside Gr n−w(n) (E/F w(n)−1 ). The dimension of such a resolution is the dimension of the Schubert cell, i.e.
Moreover the image of the projection onto the line n − 1 ofŜ w is a smooth manifold of dimension n − w(n).
One proceeds by induction. To understand what happens next, fix now the line n − 1. Notice that we can first eliminate from discussion the column w(n) of spaces once and for all since the Grassmannians that appear in P w in this column above line n are repetitions of the Grassmannians that appear in column w(n) − 1 hence the horizontal ⊂ relations imply their redundancy. Therefore one gets a bioriented flag of spaces in a product of (n − 1) × (n − 1) spaces with a fixed last line (the line n − 1 in the original matrix). Project onto the line n − 2 in order to get another smooth manifold with dimension equal to the number of inversions determined by w(n − 1) looking now at w as a bijection S n−1 → S n \ {w(n)}.
One gets a tower of fiber bundles whose total dimension is the number of inversions of the permutation w.
Proof. Let p := * ,n where * , * ∈Ŝ w Then due to the incidence relations both p and F q will contain p,q . The dimension of p,q is the number of lines i ≤ p such that w(i) ≤ p. Hence
with equality if and only if p ∩ F q = p,q . In other words, the projection lands within the Schubert variety S w . The image clearly contains S w by taking p,q := p ∩ F q . By the characterization of the equality case the projection π restricted to π −1 (S w ) is a biholomorphism onto S w . Moreover since the manifolds involved are smooth algebraic varieties and the projection map is algebraic andŜ w is compact, it means that the whole S w will be in the image.
The Schubert cells in the Grassmannian
It has been long known that the regular part of a Schubert variety can be realized as the stable manifold of a certain critical manifold of a Morse-Bott function on the Grassmannian [13] . The critical variety is just a product of projective spaces. Clearly, the stable/unstable manifold fibers over the critcial manifold and therefore the regular part of a Schubert variety fibers as a vector bundle over a product of projective spaces. We begin our investigation by describing concretely what this vector bundle is. The particular case of a Schubert variety described by one incidence relation has already been treated in [7] . We do not pursue the dynamical point of view here, as we do not need it. Though we emphasize that the results of this section are in the smooth category.
Let Gr k (E) be the Grassmannian of k-linear subspaces of a vector space E of dimension n ≥ k. We fix a complete increasing flag
We will index Schubert varieties by strictly increasing sequences of numbers β : 1 ≤ β 1 < β 2 < . . . < β k ≤ n :
We will reserve the notation
for an open dense set of V β which is smooth. It is well-known that V β is the set of regular points of V β . To distinguish between V β and V β we will call the latter the regular Schubert variety.
We also have the Schubert cell: The case k = 1 is uninteresting as Gr 1 (E) = P(E) and the Schubert variety V β is then P(F β 1 ) which is non-singular. So we might as well assume that k ≥ 2.
We will also fix a complementary, decreasing flag G * such that
Notice that F β 1 = F 0 and for ease of notation let β 0 = 0. Let P :=
. It has dimension β k − k. It comes with an embedding
where the sum here is like on many other occasions a direct sum. We have a natural map:
where the projection onto F
is taken with respect to the decompositions
Define the following vector bundle over P:
Just to make sure there is no confusion about notation: τ i represents both the line bundle over
and its pull-back to P via the obvious projection. Moreover Notice that H is a bundle of rank dim V β − dim P. Let
Proof. Since all graphs are 1-dimensional, need to check that Γ A i+1 ⊂ i j=1 Γ A j and this is a consequence of the fact that
(i) The map Φ : H → Gr k (E) is injective with image V β and makes the obvious diagram commutative together with the projections of H and V β onto P.
(ii) The map Φ : H → V β is a fiber bundle diffeomorphism over P.
Proof. (i) Let us see first that Imag
We infer
and therefore v j = 0 for all j ≥ i + 1 and w ∈ i j=1 Γ A i . The other inclusion being obvious we get
This also proves that composing Φ and the projection V β → P gives the projection H → P.
We show now that V β ⊂ Imag Φ. Let L ∈ V β and put L i := P
This is trivially true for i = 1 with A 1 ≡ 0. Assume it is true for i.
Set now the following linear system of equations
i takes values in L j for j < i. Clearly the system has a unique solution with v k = v k and
Summing up the columns of (3.1) gives
is a multilinear combination of C i and of the components of B j , j > i.
(ii) Consequence of part (i).
We produce now a conjugate Schubert variety V * β such that the corresponding open subset V * β intersects V β transversally along P. Moreover V * β fibers over P just like V β . Define
while V * β replaces the dimensional condition by ≥. Remark 3.5. This V * β is the opposite Schubert variety as defined in [10] , however not for the increasing sequence β but for the increasing sequence γ i := β i−1 + 1 Proposition 3.6. The set V * β is a submanifold of Gr k (E) of codimension
Proof. Let H * := G n− * be the increasing flag obtained from G * . Then
Notice that V * β comes also with a projection to P:
where the projection use
Let now
where as before τ i → P F
is the tautological bundle and τ
Moreover when restricting the codomain to V * β , Φ * is a fiber bundle diffeomorphism with respect to the projections onto P.
Proof. The map is well-defined and the rest follow closely the proof of Theorem 3.4. For example
Hence the image lands in V * β .
Remark 3.8. The reason for working with V * β rather than V * β from (3.2) is that V * β fibers over
as a direct application of Theorem 3.4. In fact V *
β is the open in V * β which is the preimage via the projection P of the open set
The set P(
The projection map to P is the composition of the projection to P followed by the projection
Proposition 3.9. The Schubert varieties V β and V * β intersect transversely along P. This stays true about the varieties V β and V * β . Proof. This is standard. One way to see it is to notice that the Schubert varieties V β and V * β are the stable and unstable manifolds of the critical manifold P for a certain Morse-Bott function on Gr k (E). We give a self-contained proof. Take (L 1 , . . . , L k ) ∈ P and use the following chart of Gr k (E):
Hence in the chart W , V β intersects V * β only for those T for which B i ≡ 0 and C i ≡ 0. This means that Γ T ∈ P and the intersection is transversal. Since we already know from Theorems 3.4 and 3.7 that V β and V * β can be covered with charts of type W when we vary (L 1 , . . . , L k ) we get the first claim.
The second claim follows from the first claim combined with the fact that dim 
The normal directions
From the description of V β and V * β as vector bundles over P and as varieties that intersect transversally we see that a candidate for the normal bundle of V β is π * 1 H * where π 1 : V β → P is the projection described in the previous section.
In order to get an embedded resolution of V β we will use a fiber H * 0 of H * → P and deform the flag which defines V β ,
family of flags of the same type each of which rendering a Schubert variety of the same type as V β . The union of all these Schubert varieties covers an open dense set of Gr k (E). Next we will compactify the fiber H * 0 but in the space of flags and finally we will desingularize this compactification.
We fix once and for all the lines L i ⊂ F
and complements for them
where L k+1 := G β k . The vector space H * 0 has dimension equal to the codimension of V β .
be the space of flags of length k and dimensions γ 1 , . . . γ k .
Let
and therefore the spaces in Imag Ψ have indeed dimensions β 1 , . . . , β k .
(ii) Ψ(0) = (F β 1 , F β 2 , . . . F β k ); (iii) Ψ is an embedding. Consider next the set
It is standard that F(E) is a complex manifold and the projection onto the second coordinate induces the structure of a fiber bundle. The fiber of this fiber bundle over F * = F * when is projected onto Gr k (E) via V * → V k is the well-known Kempf-Laksov resolution of V β . In particular, it has dimension equal to dim V β .
The complex manifold
satisfies the following property.
Theorem 4.1. The map
contains in its image an open dense set of Gr k (E). Moreover the restriction of this map to
Proof. The last statement is obvious. We will only sketch the proof of the first statement. One shows that the chart W = Hom(
is contained in the image of (4.1). Notice that if V k is in the image of (4.1) then there exist a flag
One then proves (by induction on i and separation into relevant components) that the Remark 4.3. Since H * 0 is not compact we need to look for a compactification in order to build the embedded resolution. The naive approach of taking
does not work since the map Ψ does not extend to this compactification.
The compactification of H * 0
We use the same notation as in the previous section. The main observation that leads to the compactification of H * 0 is the following quite trivial relation. For j ≤ i
Hence we can define
and we obtain that
Lemma 5.1. The following relation holds
The k-tuple (Γ B 1 , . . . , Γ B k ) together with the previous relations suggest introducing the following object.
First, for 1
and
Relation (5.3) suggests the following extension of the map Ψ:
The map is well-defined because
We are really interested in Ψ G . But we should get acquainted with G first. In general it is a singular variety as the following example shows.
Example 5.2. Let k = 2 and suppose G β 2 = 0. Then
can be taken to be:
The relation B 1 A 1 + B 2 A 3 ≡ 0 is the equivalent of the hypersurface xy + zw = 0 in C 4 and is the source of singularities in this particular example.
Proposition 5.3. The set G is a compact algebraic subvariety of G of dimension dim H * 0 . Proof. Theorem 5.5 below proves that G is the image of an analytic map defined on a compact complex manifold of dimension H * 0 . In particular G is a compact complex analytic variety of dimension at most dim H * 0 . Since the ambient manifold is projective we get that G is algebraic. We prove that it is of dimension exactly dim H * 
is a codimension j space in V Relations (5.6) imply that the intersection G ∩ U can be described as the set ( 1 , . . . k ) ∈ G such that each i with i ≤ k − 1 satisfies two conditions:
For i = k there is only one restriction namely (ii). We justify now why the set
Collectively (5.8) say that when k ∈ U k is fixed then putting together (i) and (ii) we get that
In particular the fiber type (of the projection onto U k ) over k ∈ U k does not depend on k . We hence get the fiber bundle structure.
The same reasoning can be applied inductively to show that
} and conclude that G ∩ U is a tower of fiber bundles with fibers of type open sets in Gr i (
Remark 5.4. It is not enough for a construction of an open dense set of regular points in G to consider open sets in Gr
We now construct a resolution for G via a bioriented flag. Let G be the k × k product of spaces S ij where
Shortly, ignoring the redundancy of point spaces:
We denote an element of G by (
Proof. At (a) one proves by induction starting with the last line (i = k) that G is a tower of fiber bundles. For the last line there is no (II.) condition. Moreover V 
This is in fact an open dense set and therefore has the same dimension as Gr
Take now the line i = k − 1 and notice that V
This says that the constrains and incidence relations on 
In other words, for fixed ( 
Similar reasoning works for the next step. Hence G has dimension
At (b) notice first that since
we get that the image of the projection π is contained in G. In order to prove injectivity one uses again induction, at step one constructing the diagonal (
Let us start with * ∈ G such that i ⊂ i+1 +L ⊥ i+1 . We will show that from the pair ( i , i+1 ) we can choose an
First we have that
We go to the second diagonal and use that
Then the unique choice for 
Lp
. Now U is a set over which the projection π : G → G is a biholomorphism.
We also conclude from here that the map Ψ * F(E) → Gr k (E) is an extension of the one from Theorem 4.1 and since we are dealing with analytic maps between projective manifolds of the same dimension we get that it is surjective.
Finally, we prove item (c) of Definition 1.1. Consider the open chart in Gr k (E):
Just as in the proof of Theorem 4.1, T ∈ W implies that
for any flag F * = Ψ( * * ) ∈ Imag Ψ. But Γ T = V k for some ( * * , V * ) ∈ Ψ * F(E). Hence Γ T = V k ⊃ V i and by the incidence relations V i ⊂ But then as we remarked earlier this means that the tuple ( i i ) 1≤i≤k ∈ G ∩ U over which the projection π : G → G is a biholomorphism.
We conclude that the chart W lies in the set over which the map Ψ * F(E) → Gr k (E) is one-to-one. The intersection W ∩ V β = V
•
β is an open dense set of V β , the Schubert cell of
We conclude that the only points that lie over V Rather than using the Kempf-Laksov resolution as the model for the desingularization of the Schubert variety in Theorem 6.1, one could use other resolutions that are completely determined by the nodes F β 1 , . . . , F β k like the small resolutions of Zelevinski [14] .
